Abstract. We generalize the definition of Camina groups. We show that our generalized Camina groups are exactly the groups isoclinic to Camina groups, and so many properties of Camina groups are shared by these generalized Camina groups. In particular, we show that if G is a nilpotent, generalized Camina group then its nilpotence class is at most 3. We use the information we collect about generalized Camina groups with nilpotence class 3 to characterize the character tables of these groups.
Introduction
Throughout this note, all groups are finite. There are several equivalent formulations of the definition of Camina groups. For our purposes, we will say that G is a Camina group if the conjugacy class of every element g A GnG 0 is gG 0 . In this paper, we generalize the definition as follows. The group G is a generalized Camina group if the conjugacy class of every element g A GnZðGÞG 0 is gG 0 . It is very easy to show that if G is a generalized Camina group, then either G has nilpotence class 2 or G=ZðGÞ is a Camina group. We will show that generalized Camina groups can be characterized in terms of isoclinisms. (We will remind the reader of the definition of isoclinic groups in Section 2.) Theorem 1. Let G be a group. Then G is a generalized Camina group if and only if G is isoclinic to a Camina group.
Thus, many results for Camina groups will translate immediately to generalized Camina groups. In [9] and [10] , Macdonald and Mann proved that if G is a Camina 2-group, then its nilpotence class is 2. In the important paper [1] , Dark and Scoppola proved that if G is a Camina p-group with p odd, then the nilpotence class of G is at most 3. It follows that if G is a nilpotent, generalized Camina group, then G is isoclinic to a nilpotent Camina group H. It is known that H must be a p-group for some prime p. It is not di‰cult to see that any Camina group isoclinic to G will be a p-group for the same prime p, and we will say that p is the prime associated with G. (It is not di‰cult to show that p is well defined.) Using the isoclinism, we obtain bounds on the nilpotence class of nilpotent, generalized Camina groups.
Theorem 2. Let G be a nilpotent, generalized Camina group with associated prime p.
(1) If p ¼ 2, then G has nilpotence class 2.
(2) If p is odd, then G has nilpotence class at most 3.
Suppose that G is nilpotent of nilpotence class 2. We will show that G is a generalized Camina group if and only if every non-linear irreducible character of G vanishes on GnZðGÞ. We studied the character tables of such groups in [6] . In that paper, we called a group G a VZ-group if every non-linear irreducible character of G vanishes on GnZðGÞ. While writing that paper, we realized that VZ-groups were a generalization of nilpotent Camina groups of nilpotence class 2. Our goal in this paper is to find an appropriate generalization of Camina groups. We will show that G is a VZ-group if and only if G is a generalized Camina group of nilpotence class 2. Hence, our idea of a generalized Camina group seems to be the generalization which extends the definition of VZ-groups beyond nilpotence class 2.
We now focus on nilpotent generalized Camina groups of nilpotence class 3. Using the isoclinism with Camina groups, we collect the following facts about these groups.
Theorem 3. Let G be a nilpotent, generalized Camina group of nilpotence class 3, and let Z ¼ ZðGÞ and G 3 ¼ ½G 0 ; G. Then the following are true.
(1) G=G 0 Z, G 0 Z=Z, and G 3 are elementary abelian p-groups for some prime p.
(2) jG : G 0 Zj ¼ p 2n and jG 0 Z : Zj ¼ jG 0 : G 3 j ¼ p n for some even integer n.
(3) Every non-linear character in IrrðG=G 3 Þ is fully ramified with respect to G=G 0 Z and every character in IrrðGÞnIrrðG=G 3 Þ is fully ramified with respect to G=Z.
(4) cdðGÞ ¼ f1; p n ; p 3n=2 g.
ZnZ has the coset gG 3 as its conjugacy class in G.
(6) The sizes of conjugacy classes of G are 1, jG 3 j, and jG 0 j. Now we turn to the question that motivated our study. In [6] , we classified the character tables of VZ-groups, generalizing a result of Nenciu in [13] which classified the character tables of p-groups whose derived subgroups have prime order p. This led us to look for the proper generalization of Camina groups. We believe that the above results indicate that generalized Camina groups are the proper generalization. With our results regarding nilpotent, generalized Camina groups, we are able to classify the character tables of nilpotent, generalized Camina groups of nilpotence class 3. Surprisingly, we have the same characterization as in the nilpotence class 2 case. 
Isoclinism and generalized Camina groups
We begin with the following general lemma.
Lemma 2.1. Let g be an element of a group G. Then the following are equivalent:
(1) the conjugacy class of g is gG 0 ; 
where nlIrrðGÞ is the set of non-linear irreducible characters of G. The last equality in the previous equation comes from the fact that jwðgÞj 2 ¼ 1 for every linear character w. Since jwðgÞj 2 is a non-negative number, we conclude that jC G ðgÞj ¼ jG : G 0 j if and only if wðgÞ ¼ 0 for all w A nlIrrðGÞ. r
We call G a VZ-group (vanishing o¤ the center group) if every non-linear irreducible character of G vanishes on GnZðGÞ. In the note [6] , we proved that if G is a VZgroup, then G is nilpotent of class 2 and jcdðGÞj ¼ f1; f g where f 2 ¼ jG : ZðGÞj. In fact, every non-linear irreducible character of G is fully ramified with respect to G=ZðGÞ. Since jcdðGÞj ¼ 2 and G is nilpotent, G must have an abelian normal p-complement for some prime p. In other words, G ¼ P Â Q where P is a p-group and Q is an abelian p 0 -group. It is not di‰cult to see that P will also be a VZ-group. We obtain the following characterization of VZ-groups. This result is Lemma 2.1 applied to VZ-groups. Similar results can be found in [2] and [12] . Lemma 2.2. Let G be a group. The following are equivalent:
(1) clðGÞ ¼ gG 0 for all g A GnZðGÞ;
(2) jC G ðgÞj ¼ jG : G 0 j for all g A GnZðGÞ;
(3) G is a VZ-group; (4) for every g A GnZðGÞ and z A G 0 , there exists y A G so that ½g; y ¼ z.
The last condition appears as a hypothesis of [4, Theorem 7.5]. Since VZ-groups have nilpotence class 2, the hypothesis that G 0 c ZðGÞ is not needed for that theorem. Following Hall, we call two groups G and H isoclinic if there exist isomorphisms a : G=ZðGÞ ! H=ZðHÞ and b : G 0 ! H 0 so that ½aðg 1 ZðGÞÞ; aðg 2 ZðGÞÞ ¼ bð½g 1 ZðGÞ; g 2 ZðGÞÞ for all g 1 ; g 2 A G.
In his seminal paper [3] , Hall proved many facts regarding isoclinic groups. Two of the facts that we will need are the following: (1) every group G is isoclinic to a group H where ZðHÞ c H 0 and (2) b identifies the terms of the lower central series of G with the lower central series of H. Therefore, if G and H are isoclinic, then G is nilpotent if and only if H is nilpotent, and if they are nilpotent, then they have the same nilpotence class. In [2, Theorem A], it is shown that VZ-groups can be characterized in terms of their isoclinism class.
Lemma 2.3 ([2, Theorem A])
. Let G be a finite group. Then G is a VZ-group if and only if G is isoclinic to a Camina group of nilpotence class 2.
We now consider the group-theoretic structure of VZ-groups. Combining the previous lemma with [8] , we obtain the following information about G=ZðGÞ and G 0 . r Throughout the remainder of this paper, we will use GCG to denote generalized Camina groups. Obviously, every Camina group is a generalized Camina group. Furthermore, if G is a Camina group and A an abelian group, then G Â A will be a gen-eralized Camina group. It is not di‰cult to find other examples of generalized Camina groups that are not Camina groups. For example, let C ¼ hci be a cyclic group of order p n for some prime p and some integer n d 3. We define an automorphism s on C by c s ¼ c p nÀ1 þ1 . We take G to be the semi-direct product of hsi acting on C. It is not di‰cult to see that G is a GCG, and that no proper quotient of G is a Camina group. If G is an arbitrary GCG that is not nilpotent of class 2, then G will have a Camina group as a quotient, as shown in the next lemma. With the characterization in terms of isoclinic groups, we can prove Theorem 2.
Proof of Theorem 2. Take H to be a Camina group isoclinic to G. We know that H is nilpotent with the same nilpotence class as G. Notice that H will be a p-group. Macdonald proved that if p ¼ 2 then H has nilpotence class 2. (This is also proved in [10] .) It is also proved that if p is odd then H has nilpotence class at most 3. The isoclinism gives the same results for G. It is mentioned in [3] that isoclinic groups have the same character degrees and conjugacy class sizes. This fact for character degrees is proved in [11, Theorem D] . In [8] , it is proved that H will have conjugacy class sizes of 1, jH 3 j, and jH 0 j. Since jG 3 j ¼ jH 3 j and jG 0 j ¼ jH 0 j, it follows that the sizes of the conjugacy classes for G are 1, jG 3 j, and jG 0 j. Observe that G 0 Z=G 3 is central in G=G 3 , so if g A G 0 ZnZ, then the conjugacy class for g must be contained in gG 3 . Since g is not in the center of G, its conjugacy class must have size jG 3 j, and so its conjugacy class must be gG 3 .
In [7] , it was shown that the non-linear characters in IrrðH=H 3 Þ are fully ramified with respect to H=H 0 , and the characters in IrrðHjH 3 Þ are fully ramified with respect to H=H 3 . Therefore, cdðHÞ ¼ f1; p n ; p 3n=2 g, and so we have cdðGÞ ¼ f1; p n ; p 3n=2 g. We have seen that G 0 Z=G 3 is contained in the center of G=G 3 . We know that jG : G 0 Zj ¼ p 2n , and G=G 3 is not abelian. Since the square of every degree in cdðG=G 3 Þ divides the index of the center of G=G 3 and cdðG=G 3 Þ J cdðGÞ, it follows that cdðG=G 3 Þ ¼ f1; p n g, G 0 Z=G 3 is the center of G=G 3 , and hence every non-linear character in IrrðG=G 3 Þ is fully ramified with respect to G=G 0 Z. In [11, Theorem D] , it is shown that the number of characters of a given degree in IrrðGÞ is equal to jGj=jHj times the number of characters of that degree in IrrðHÞ. One can show that jGj=jHj ¼ jG 0 Z : G 0 j. Since all of the irreducible characters of H with degree p n lie in IrrðH=H 3 Þ, we deduce that the number of such character is jH 0 : H 3 j À 1 ¼ p n À 1. Thus, IrrðGÞ will have jG 0 Z : G 0 jð p n À 1Þ characters of degree p n . We now compute the number of characters of degree p n in IrrðG=G 3 Þ. We note that the isoclinism implies that both G 0 Z=Z and G 0 =G 3 are isomorphic to H 0 =H 3 . It follows that G 0 Z=Z is isomorphic to G 0 =G 3 , and hence
Since the non-linear characters in IrrðG=G 3 Þ are fully ramified with respect to G=G 0 Z, it follows that they are in one-to-one correspondence with the characters l Â a where l A IrrðG 0 =G 3 Þ with l 0 1 and a A IrrðZ=G 3 Þ.
It follows that the number of characters of degree p n is
Thus IrrðG=G 3 Þ contains all characters in IrrðGÞ that have degree p n . Since the characters in IrrðGjG 3 Þ are not linear, they must all have degree p 3n=2 . Since jG : Zj ¼ p 3n , this implies that they are all fully ramified with respect to G=Z. r
Identical character tables
In this section, we prove Theorem 4. We say that two groups 
Finally, the characters in IrrðGjG 3 Þ are all fully ramified with respect to G=ZðGÞ. This gives a bijection between IrrðGjG 3 Þ and IrrðZðGÞ j G 3 Þ.
We also partition the conjugacy classes of G into three sets. If x A GnG 0 ZðGÞ, then the conjugacy class of x is xG 0 . If y A G 0 ZðGÞnZðGÞ, then the conjugacy class of y is yG 3 . Finally, if z A ZðGÞ, then the conjugacy class of z is fzg. Notice that if y A G 0 ZðGÞ, then y ¼ wz where w A G 0 and z A ZðGÞ. If
Before we can define f and g, we need to define some other functions. First, using [6] This implies that f ðwÞðgðKÞÞ ¼ wðKÞ for all w A IrrðGÞ and K A ClðGÞ. We conclude that G and H have identical character tables. r
We now see that Theorem 5 follows as a corollary. We believe that this result can also be obtained by appealing to [12, Theorem 5 ], but we include it here as a direct application of our work.
Proof of Theorem 5. We first suppose that G and H have identical character tables. It is easy to see that this implies G=G 0 G H=H 0 and ZðGÞ G ZðHÞ. Since G and H are nilpotent Camina groups of nilpotence class 3, it follows from [8] 
